The Chern–Simons state for topological invariants  by Escalante, Alberto
Physics Letters B 676 (2009) 105–111Contents lists available at ScienceDirect
Physics Letters B
www.elsevier.com/locate/physletb
The Chern–Simons state for topological invariants
Alberto Escalante a,b,∗
a LUTh, Observatoire de Paris, Meudon, France
b Instituto de Física “Luis Rivera Terrazas” (IFUAP), Benemérita Universidad Autónoma de Puebla, Mexico
a r t i c l e i n f o a b s t r a c t
Article history:
Received 10 September 2008
Received in revised form 3 March 2009
Accepted 14 April 2009
Available online 22 April 2009
Editor: M. Cveticˇ
The covariant canonical formalism for the second Chern and Euler topological invariants which depends
of a connection valued in the Lie algebra of SO(3,1) is performed. We show that the Chern–Simons state
corresponds to an eigenfunction of zero energy for such characteristic classes, in particular, for the Euler
class within self-dual (or anti-self-dual) scenario. In addition, to complete our analysis we develop the
Hamiltonian analysis for the theories under study, obtaining a best description of the results obtained
with the symplectic method.
© 2009 Published by Elsevier B.V. Open access under CC BY license. 1. Introduction
Topological ﬁeld theories are characterized by being devoid of
local degrees of freedom. That is, the theories are susceptible only
to global degrees of freedom associated with non-trivial topologies
of the manifold in which they are deﬁned and topologies of the
gauge bundle [1]. We can ﬁnd in the literature several examples
of topological ﬁeld theories, for example, those called BF theo-
ries. As we know, BF theories were introduced as generalizations
of three-dimensional Chern–Simons actions or in other cases, can
also be consider as a zero coupling limit of Yang–Mills theories
[2,3]. On the other side, we ﬁnd other relevant examples of topo-
logical ﬁeld theories with the called topological invariants such as
the second Chern and Euler classes. These topological invariants
have been topic of study in many recently works because they are
expected to be related to physical observables, as, for instance, in
the case of anomalies [4–9].
The importance for studying topological actions has been mo-
tived in several contexts of theoretical physics given that has a
closed relation with physical theories. One example of this is
the well-known MacDowell–Maunsouri formulation of gravity. In
this formulation, breaking the SO(5) symmetry of a BF -theory for
SO(5) group down to SO(4) we can obtain the Palatini action plus
the sum of second Chern and Euler topological invariants. Because
these topological classes have trivial local variations that do not
contribute classically to the dynamics, we thus obtain essentially
general relativity [10].
On the other hand, we can ﬁnd in the literature the so-called
Chern–Simons state which is an other interesting example where a
closed relation between a topological ﬁeld theory and physical the-
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Open access under CC BY license. ories is present. As we know, the Chern–Simons state corresponds
to an exact state of the Schrödinger equation for Yang–Mills theory
in four dimension [11]. In addition, we can ﬁnd in a recent work
that the Chern–Simons state describes a topological state with un-
broken diffeomorphism invariance in Yang–Mills and general rela-
tivity [12]. Furthermore, in the loop quantum gravity context that
state is called the Kodama state and has been studied in interest-
ing works by Smolin, arguing that the Kodama state at least for
the Sitter spacetime, loop quantum gravity does have a good low
energy limit [13].
With these antecedents, the purpose of this Letter is to develop
the quantization analysis for the second Chern and the Euler in-
variants which will be written in terms of a connection valued
in the Lie algebra of SO(3,1). In this manner, with this paper we
make progress for future works where we will try to quantize the
theory reported in [10] using the results found in this article. As
part of this work, we will show using the symplectic method that
the Chern–Simons state corresponds to an eigenstate of zero en-
ergy for these topological invariants, in particular for the Euler
class within the self-dual (or anti-self-dual) scenario. Our analysis
will be performed in two steps, the ﬁrst one will be the devel-
opment of the symplectic formalism, and in the second one we
will use the Hamiltonian formalism to obtain relevant physical in-
formation. In particular, we reproduce the best description of the
results obtained using the symplectic formalism. It is important to
mention that recently the covariant canonical analysis for the sec-
ond Chern class has been reported in [14] with SU(n) as internal
symmetry group. However, that analysis is not complete and the
identiﬁcation of the constrains is wrong, thus, the Hamiltonian and
the constrains for the theory has not been well identiﬁed, there-
fore, with the results reported in [14] we cannot know important
results, as for example the counting of physical degrees of freedom.
In this form, this work extends and completes the results reported
in [14].
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canonical covariant analysis for the second Chern class which de-
pends only of a connection valued in SO(3,1) symmetry group, and
we show that the Chern–Simons state corresponds to an eigen-
function of zero-energy for the theory under study. In Section 3,
the Hamiltonian analysis for the second Chern topological invari-
ant is performed. We identify the Hamiltonian, all the constraints
for the theory and we carry out the counting of degrees of free-
dom, showing that the theory under study deﬁnes a topological
ﬁeld theory. With these results, we extend and complete the work
reported in [14]. In Section 4, we develop the canonical covariant
formalism for the Euler class, showing that the Chern–Simons state
corresponds to an eigenfunction of zero-energy for the quantum
Hamiltonian within the self-self dual (or anti-self-dual) scenario.
In the Section 5, we study the Hamiltonian analysis for the Eu-
ler invariant, we identify the Hamiltonian, the constraints and we
carry out the counting of degrees of freedom for the theory show-
ing that, it deﬁnes a topological ﬁeld theory too. In addition, we
obtain the best description of the results obtained in the Section 4.
In the Section 6, we give some remarks and conclusions.
2. The symplectic method for the second Chern invariant
As we know, the second Chern topological invariant written in
terms of a connection valued in the Lie algebra of SO(3,1) sym-
metry group is given by [10,11]
Ssc[ω] = α
∫
M
RI J [ω] ∧ RI J [ω], (1)
where RI J [ω] = 12 RI Jμν dxμ ∧ dxν is the curvature of the SO(3,1)
1-form connection ων I J with RI Jμν = ∂μων I J − ∂νωμ I J +
ωμ
I KωνK
J − ων I KωμK J . Here μ,ν = 0,1, . . . ,3 are spacetime
indices, xμ are the coordinates that label the points for the 4-
dimensional Minkowski manifold M and I, J = 0,1, . . . ,3 are in-
ternal indices that can be raised and lowered by the internal
Lorentzian metric ηI J = (−1,1,1,1). Taking the variation of the
action Ssc we obtain
δSsc[ω] =
∫
d4x
(
αεαβμνDβ RI Jμν
)
δωα
I J −
∫
d4x ∂αΨ
α
sc , (2)
where we can identify the equations of motion
εαβμνDβ RI Jμν = 0, (3)
and the simplectic potential for the second Chern class [14,15]
Ψ αsc = αεαβμν RI Jμνδωβ I J . (4)
Here, Dβ RI Jμν = ∂β RI Jμν +ωβ K RK Jμν +ωβ J K R IKμν is the covari-
ant partial derivative respect to Lorentz indices and εαβμν is the
volume 4-form associated with the spacetime metric ημν .
Now, for future useful calculations we shall obtain the lin-
earized equations of motion for the Chern invariant. For this pur-
pose, we replace ωβ I J by ωβ I J → ωβ I J + δωβ I J in (3) and keep
only the ﬁrst-order terms in the δωβ I J ﬁelds, obtaining
εαβμνDβδR
I J
μν + εαβμνδωβ I K RK Jμν + εαβμνδωβ J K R I Kμν = 0,
(5)
which corresponds to the linearized Bianchi’s equations.
On the other hand, the kernel integral of the symplectic form
is deﬁned by means of the functional exterior derivative of Ψ αsc on
the second Chern class covariant phase space, which is deﬁned as
the set of solutions of the classical equations of motion (3) [14,15].
Thus, the symplectic structure is deﬁned bysc =
∫
Σ
Jα dΣα =
∫
Σ
δΨ αsc dΣα
=
∫
Σ
δ
(
εαβμν RI Jμν
)∧ δωβ I J dΣα, (6)
where Σ is a Cauchy hypersurface. In this manner, with all these
results at hand, we can prove that sc is a closed and Lorentz
invariant, as well as a gauge invariant symplectic structure on the
phase space of SO(3,1) second Chern class, in a ﬂat spacetime.
To prove that sc is a closed two-form, we can observe that
δ2ωβ
I J = 0 because δ is nilpotent [15], thus
δ
(
εαβμνδRI Jμν
)= εαβμνδ(Dμδων I J − Dμδων I J )
= εαβμν(δωμ I K δωνk J + δωμ J K δων I K
− δων I K δωμk J − δων J K δωμ I K
)= 0, (7)
where we have used the antisymmetry among 1-forms δωμ I K .
Therefore
δ Jα = δ(εαβμνδRI Jμν)∧ δωβ I J − (εαβμνδRI Jμν)∧ δ2ωβ I J
= 0 (8)
proving that ωsc is closed.
Furthermore, we can see that under a gauge transformation
ωβ
I J → ωβ I J − Dβ I J , for some inﬁnitesimal variation we have
δω′β I J = δωβ I J + δωβ I K K J + δωβ J K  I K , (9)
δR ′I Jμν = δRI Jμν − δRK Jμν I K − δRIKμν J K . (10)
Using (9) and (10) in sc , we ﬁnd that transforms
 ′sc =
∫
δ
(
εαβμν R ′I Jμν
)∧ δω′β I J dΣα,
= sc +
∫
εαβμν
(
δRI Jμνδωβ
I
K 
K J + δRI Jμνδωβ J K  I K
− δRK Jμνδωβ I JI K − δRIKμνδωβ I JI K
)
dΣα +
∫
O
(
2
)
dΣ
= sc +
∫
O
(
2
)
dΣ. (11)
Therefore, sc is an SO(3,1) singlet. This result allows us to prove
that
∂α J
α = Dα Jα
= Dα
(
εαβμνδRI Jμν
)∧ δωβ I J + (εαβμνδRI Jμν)∧ Dαδωβ I J
= (εαβμν RK Jμνδωβ I K + εαβμν RIKμνδωβ J K )∧ δωα I J
+ 1
2
εαβμνδRI Jαβ ∧ δRI Jμν
= 0, (12)
where we have used the linearized Bianchi equations given in (5)
and the antisymmetry of 1-forms δωβ I J .
Thus, performing a Lorentz transformation Σt → Σt′ and
sc →  ′sc , this is
 ′sc =
∫
Σt′
δΨ ′α dΣ ′α =
∫
Σt
δΨ α dΣα = sc . (13)
It follows that sc given in (6) is Lorentz invariant. In this man-
ner, with these results we have constructed a Lorentz and gauge
invariant symplectic structure on the SO(3,1) second Chern phase
space and it is possible to formulate the Hamiltonian theory in a
manifestly covariant way.
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the energy–momentum tensor by means of the contraction of sc
with a vector ﬁeld V = μ∂μ corresponding to the translation by
constant spacetime vector μ [14]. For this step we need to calcu-
late the next useful contractions
V δωβ I J = ν RI J νβ,
V δRI Jμν = βDβ RI Jμν. (14)
In this form, the contraction V sc yields
V sc = −2α
∫
γ δ
(
εαβμν RI Jμν R
I J
γ β
− 1
4
ηαγ ε
μνρβ RI Jμν R
I J
ρβ
)
dΣα, (15)
where it is possible identify the energy–momentum tensor for the
second Chern invariant given by
T αγ = α
[
ε(αβμν RI Jμν R
I J
σβη
σγ ) − 1
4
ηαγ εμνρβ RI Jμν R
I J
ρβ
]
, (16)
which is classically zero, in concordance with the topological in-
variance of the action. Calculating the T 00 component of the
energy–momentum tensor, we ﬁnd the density energy for the the-
ory,
T 00 = RI J 0a
[
Πa I J − α
2
ηabc R I Jabc
]
, (17)
where Πa I J ≡ α2 ηabc R I Jbc , ηabc = ε0abc and a,b = 1,2,3. Using the
density energy (17) we can ﬁnd the classical Hamiltonian for the
second Chern class [14],
H =
∫
Σ
RI J 0a
[
Πa I J − α
2
ηabc R I Jbc
]
d3x. (18)
It is remarkable to note that the classical Hamiltonian found by
this method strictly differs from the classical Hamiltonian obtained
using the Dirac procedure (see Section 3, Eq. (29)), Thus, we can
neither identify all the constraints for the theory nor carry out the
counting of the physical degrees of freedom. In general, we can see
that the form used to identify the constraints reported in [14] for
this theory is wrong. Therefore, in this section to avoid mistakes
we will not call constraints those which were identiﬁed in [14]. To
make progress in this point and correct the results reported in [14]
we identify the correct constraints for the theory performing the
Hamiltonian analysis in the next section.
On the other hand, considering that dΣμ is time-like vector
ﬁeld which allow us to work with the temporal gauge ω0 I J = 0
[14], the symplectic structure (6) takes the form
sc =
∫
Σ
2δΠa I J ∧ δωa I J , (19)
thus, this expression allows us to identify the next classical–
quantum correspondence 2Π i I J → i δδωi I J , this is(
ωˆa
I J (x)ψ
)
(ω) = ωa I Jψ(ω),
(
Πˆa I J (x)ψ
)
(ω) = i δψ(ω)
δωa I J
, (20)
where ψ is an arbitrary function of the connection and represents
a quantum state. With this correspondence the classical–quantum
Hamiltonian is given by
Hˆ =
∫
RI J 0a
[
i
δ
δω I J
− α
2
ηabc R I Jbc
]
. (21)aUsing this result, the representation of the vacuum for the theory
which will correspond to an eigenfunction of zero-energy for the
Hamiltonian Hˆ is determined by
HˆΨ (ω) = 0, (22)
hence, any wave-function satisfying(
i
δ
δωi I J
− α
2
ηi jk R I J jk
)
Ψ (ω) = 0, (23)
satisﬁes automatically (22). Here Ψ (ω) solves exactly Eq. (23) and
is expressed by
Ψ (ω) = e−iα I(ω), (24)
with
I(ω) =
∫
1
2
ω I J ∧ dωI J + 1
3
ω I K ∧ ωK L ∧ ωL I , (25)
being the Chern–Simons functional. The wave function given in
(24) is known in the literature as the Chern–Simons state [11–13]
and corresponds to an eigenfunction of zero-energy for the Hamil-
tonian given in (21) which is the Hamiltonian of the second Chern
class found by means of the symplectic method. It is important
to remark that in this program we have used the temporal gauge
demanding that dΣμ is time-like vector ﬁeld. In this manner, we
can talk about an eigenstate of zero energy for the Hamiltonian
(18). It is important to remark, that the energy–momentum tensor
for the theory is classically zero and Ψ (ω) is an exact zero-energy
eigenfunction at quantum level. In this manner, we ﬁnd a classical–
quantum correspondence. However, within the Dirac program the
Hamiltonian for the theory is a linear combination of constraints,
so we cannot talk about an eigenstate of zero energy for ﬁrst
class Hamiltonians because in these theories we do not have a
Schrödinger equation. The action of the Hamiltonian on physical
states is annihilation. We will see this in the next section.
3. Hamiltonian analysis for the second Chern invariant
In this section, we will perform the Dirac analysis for the sec-
ond Chern class and we will ﬁnd the Hamiltonian and the con-
straints for the theory. In particular we will reproduce the results
developed in the last section.
For our purposes we rewrite the second Chern action in the
next form [2,12,16]
S[ω, R] =
∫
M
αRI J ∧ F I J [ω] − α
2
∫
M
RI J ∧ RI J , (26)
where F I J [ω] = dω I J + ω I L ∧ ωL J is the curvature of the SO(3,1)
connection ωμ I J dxμ and RI J is a 2-form ﬁeld that can be ﬁxed by
means of the equations of motion [2,16]. The action (26) yields the
next equations of motion
DRI J = dR I J + ω I L ∧ RL J + ω J L ∧ RIL = 0, F I J [ω] = RI J , (27)
where F I J satisﬁes the Bianchi identities DF I J = 0. Using the
equation of motion (27) in (26) we eliminate R , obtaining the same
action (1) and equations of motion (3).
Performing the Hamiltonian analysis of (26) we ﬁnd
S =
∫
d4x
[
Πa I J ω˙a
I J + ω0 I J DaΠa I J
+ RI J 0a
(
Πa I J − α
2
ηabc F I Jbc
)]
, (28)
where Πa I J = α2 ηabc R I Jbc , a,b = 1,2,3, η123 = 1 and DaΠa I J =
∂aΠ
a
I J + ωa I KΠaK J + ωa J KΠa I K . The expression given in (28) al-
lows us to identify the Hamiltonian for the theory,
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∫
d3x
[
−ω0 I J DaΠa I J − RI J 0a
(
Πa I J − α
2
ηabc F I Jbc
)]
, (29)
where we can ﬁnd the next 24 primary constraints
φI J = DaΠa I J ≈ 0, (30)
φa I J = Πa I J − α
2
ηabc F I Jbc ≈ 0. (31)
Consistency requires that their conservation in the time vanishes
as well. For this system there are no, secondary constraints. To
compute the algebra between the constrains it is convenient to
rewrite them
φ1 := φI J [B] =
∫
dx3 B I J DaΠ
a
I J , (32)
φ2 := φa I J [G] =
∫
dx3 Ga
I J
[
Πa I J − α
2
ηabc F I Jbc
]
. (33)
In this manner, the algebra is
{
φ1[B I J ], φ1[CK L]
}=
∫
d3x
(
B I
K CK J − B J K CK I
)
φ I J ≈ 0,
{
φ1[B I J ], φ2
[
Ga
I J ]}=
∫
d3x
(
B I K Ga
K J − B J K GaK I
)
φa I J ≈ 0,
{
φ2
[
Qb
I J ], φ2[GaK L]}= 0, (34)
which shows that the constraints are ﬁrst class. We can see from
the constraints that only 18 are independent because of the Bianchi
identities DF I J = 0, that is Daφa I J = φI J . In this manner, we have
36 canonical variables (ωa I J ,Πa I J ) and 18 independent ﬁrst class
constraints. We can conclude that the second Chern class is devoid
of dynamical degrees of freedom and therefore deﬁnes a topolog-
ical ﬁeld theory. In addition, the Hamiltonian given in (29) is a
linear combination of ﬁrst class constrains. We can see that all
this important physical information was not obtained in [14]. The
reason is because with the use of the covariant canonical method
we do not have the control to identify the constrains of the the-
ory, therefore we can neither the identify ﬁrst or second class
constrains nor carry out the counting of the degrees of freedom,
among other things.
Following to [11,12], from (28) we can identify the correspond-
ing symplectic structure
{
ωa
I J (x),Πb K L(y)
}= 1
2
δba
(
δ IK δ
J
L − δ ILδ JK
)
δ(x− y). (35)
Its classical–quantum correspondence is given by
[
ωˆa
I J (x), Πˆb K L(y)
]= i
2
δab
(
δ IK δ
J
L − δ ILδ JK
)
δ(x− y). (36)
From this expression, we can identify the classical–quantum cor-
respondence ΠaK L → i δδωaK L that allows us make progress for the
quantization. So, we will proceed for the quantization of our the-
ory. As we know, for theories in which the Hamiltonian is a linear
combination of constraints as in our case, we cannot construct the
Schrödinger equation because the action of the Hamiltonian on
physical states is annihilation, in this manner, at quantum level
we cannot talk about the eigenstates of energy for the Hamilto-
nian (29). In Dirac quantization we have that the restriction of our
physical state is archived by demanding that(
Da
δ
δωa I J
)
ψ(ω) = 0, (37)
(
i
δ
δωa I J
− α
2
ηabc F I Jbc
)
ψ(ω) = 0, (38)
where we can ﬁnd the solution given by
ψ(ω) = e−iα I(ω), (39)with
I(ω) =
∫
1
2
ω I J ∧ dωI J + 1
3
ω I K ∧ ωK L ∧ ωL I , (40)
being the Chern–Simons functional. The constrain (37) implies that
ψ(ω) is unchanged under small gauge transformations [2,12] and
the constraint (38) is solved exactly by means of (39). Therefore,
the Chern–Simons state corresponds to an quantum state for the
second Chern class but not an eigenstate of zero energy because
we do not have a Schrödinger equation for our theory. It is im-
portant to remark that the symplectic and Dirac methods share
the same quantum state. Nevertheless, with the symplectic method
has been ﬁxed the temporal gauge, and that allows us to talk about
an eigenstate of energy for the Hamiltonian. However, we do not
have control to identify the constraints for the theory and we can-
not carry out the counting of degrees of freedom. On the other
hand, with Dirac’s method we have relevant information, for exam-
ple, the identiﬁcation of the constraints, the counting of degrees of
freedom and the information at quantum level given by the con-
straint equation (37). As conclusion for this section, we can see
that the way to identify the constraints as was reported in [14] is
wrong. In addition, self-dual (or anti-self-dual) condition has not
been involved for this theory, but for the Euler invariant the self-
dual condition will be important. This is the topic for the next
section.
4. Symplectic method for the Euler class
In this section, as an important part of this work we will de-
velop the canonical covariant analysis for the Euler class which is
also absent in the literature.
The Euler class is deﬁned in the next form [2,12,16]
SE [ω] = β
∫
∗RI J ∧ RI J , (41)
where R I J is the 2-form curvature deﬁned in above sections,
∗RI J = 12 I J K L RK L is the dual of R and  I J K L is the volume 4-form
associated with the Lorentz metric ηI J , here 0123 = 1. Since ηI J
has signature (− + ++), it follows that the square of the duality
operator is minus the identity. Thus, the deﬁnition of self-duality
involves the complex number i. The curvature will be self-dual
(anti-self-dual) if and only if ∗R I J = ±iRI J , this condition will be
important when we will try to ﬁnd the quantum state of our the-
ory.
Calculating the variation of SE [ω] we ﬁnd
δSE [ω] =
∫
dx4
(
βαρμνDρ ∗ RI Jμν
)
δωα
I J +
∫
dx4 ∂αΨ
α
E , (42)
where the equations of motion are given by
αρμνDρ ∗ RI Jμν = 0, (43)
and
Ψ αE = βαρμν ∗ RI Jμνδωρ I J , (44)
is identiﬁed as the symplectic potential for the theory. We can
see that after applying the “∗” product in the equations of motion
(43) we obtain the same that second Chern invariant (5). In this
manner, Euler and second Chern class share the same equations of
motion and therefore the same covariant phase space deﬁned by
the set of solutions to the equations of motion (43). However, the
symplectic structures of both theories will be quite different. We
can see related results in [17] within the study of BF theories and
[18] within string theory context.
The linearized equations for the Euler class which can be useful,
for example, to prove the closeness of E , are given by
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On the other hand, such as was developed in previous sections,
with the symplectic potential given in (44) we can construct the
symplectic form for the Euler class by means of its exterior deriva-
tive, this is
E =
∫
Σ
δΨ α dΣα
=
∫
Σ
Jα dΣα =
∫
Σ
δ
(
αρμν ∗ RI Jμν
)∧ δωρ I J dΣα. (46)
It is remarkable to note that in spite of Euler and second Chern–
Simons class sharing the same equations of motion, the symplectic
structures (6) and (46) are quite different, therefore, we expect dif-
ferent results in regard to the second Chern invariant when we try
to quantize the theory. We will show this fact in the next lines.
Following the same steps given in above section with the sec-
ond Chern class. It is straightforward to prove that E is closed,
gauge and Lorentz invariant as well. Thus, we can use these results
to do the quantization of the theory under study.
Using the important contractions
V δωβ I J = ν RI J νμ,
V δ ∗ RI Jμν = βDβ ∗ RI Jμν, (47)
where the vector ﬁeld V = μ∂μ corresponds to the translation
by constant spacetime vector μ , the contraction of V with the
geometric form yields
V  = −2β
∫
γ δ
(
ε(αβμν ∗ RI Jμν RI J σβησγ )
− 1
4
ηαγ εμνρβ ∗ RI Jμν RI J ρβ
)
dΣα. (48)
From the last equation, we can identify the energy–momentum
tensor for the Euler class as
T αγ = β
[
ε(αβμν ∗ RI Jμν RI J σβησγ )
− 1
4
ηαγ εμνρβ ∗ RI Jμν RI J ρβ
]
, (49)
which is classically zero, in concordance with the topological in-
variance of the action. Just as in the second Chern class we need
to calculate the T 00 component of the energy–momentum tensor
to obtain the energy density for the theory
T 00 = RI J 0a
[
Πa I J − β
2
ηabc ∗ RI Jbc
]
, (50)
where Πa I J ≡ β2 ηabc ∗ RI Jbc and a,b = 1,2,3. Thus, the classical
Hamiltonian for the Euler class is given by
H =
∫
Σ
RI J 0i
[
Πa I J − β
2
ηabc ∗ RI Jbc
]
. (51)
Just as in the Chern invariant case, we can see that the expres-
sion (51) strictly differs from that obtained by means of the Dirac’s
method (see the next section, Eq. (64)). In this manner, if we ig-
nore the Hamiltonian method we cannot have a full study of the
theory, therefore, we can neither know the physical degrees of
freedom nor the relevant symmetries. To complete the analysis of
the theory under study we will perform the Hamiltonian method
for the Euler class in the next section.Nonetheless, consider that dΣμ is time-like vector ﬁeld, which
allows us to work with the temporal gauge ω0 I J = 0 [14], the sym-
plectic structure E given in (46) takes the form
E =
∫
Σ
2δΠa I J ∧ δωa I J , (52)
thus, we can identify the next classical–quantum correspondence
2Πa I J → i δδωa I J , this is(
ωˆa
I J (x)ψ
)
(ω) = ωa I Jψ(ω),
(
2βΠˆa I J (x)ψ
)
(ω) = i δψ(ω)
δωa I J
, (53)
where ψ(ω) is an arbitrary function of the connection and repre-
sents a quantum state. Considering this fact, the classical–quantum
Hamiltonian is given by
Hˆ =
∫
Σ
RI J 0i
[
i
δ
δωa I J
− β
2
ηabc ∗ RI J jk
]
. (54)
With these results, we can see that the vacuum of the theory
which correspond to the eigenfunction of zero-energy for the
Hamiltonian Hˆ will be expressed by
HˆΨ (ω) = 0, (55)
hence, any wave-function satisfying
(
i
δ
δωa I J
− β
2
ηabc ∗ RI Jbc
)
Ψ (ω) = 0, (56)
satisﬁes automatically (55). Here Ψ (ω) solves exactly equation (56)
and is given by
Ψ (ω) = e±β I(ω), (57)
with
I(ω) =
∫
1
2
ω I J ∧ dωI J + 1
3
ω I K ∧ ωK L ∧ ωL I , (58)
being the Chern–Simons functional. From (56) we can see that the
Chern–Simons state deﬁned in (57) will correspond to an eigen-
function of zero-energy for the Euler class if ∗R I J = ±iRI J . This
is the self-dual (or anti-self-dual) condition. We can observe that
in this work the second Chern invariant and the Euler class share
the same equations of motion, but not the same Chern–Simons
state because the wave-function (57) does not has the presence of
the complex number i. This is a good example where two theo-
ries share to the same equations of motion, but his respectively
quantum theories are different. In this manner, there is a simi-
lar relation as the presented between Yang–Mills theory and the
second Chern invariant [12]. However, in this work we have a rela-
tion between complete topological ﬁeld theories, because we have
showed in the Section 3 that the second Chern is a topological
ﬁeld theory and we will show in Section 5 that Euler class deﬁnes
a topological ﬁeld theory as well. In this sense, this Letter is quiet
different to that reported in [12] because the relation found in that
work was between Yang–Mills theory which is not topological (this
theory has 2n degrees of freedom) and the second Chern invariant
which is a topological one.
5. Hamiltonian analysis for the Euler class
In this part, we shall develop the Hamiltonian analysis for the
Euler topological invariant and we will identify the Hamiltonian
and the constraints for theory. For our purposes we start rewriting
the Euler action given in (41) in the next form [2,12,16]
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∫
M
∗RI J ∧ F I J [ω] − β
2
∫
M
∗RI J ∧ RI J , (59)
where F I J [ω] = dω I J + ω I L ∧ ωL J is curvature of the connection
ωμ
I J dxμ , ∗RI J = 12 I J K L RK L . Just as the second Chern class, R I J
is a 2-form ﬁeld that can be ﬁxed means the equations of motion.
The action given in (59) implies the equations of motion
D ∗ RI J = 0, ∗F I J [ω] = ∗RI J , (60)
where F I J satisﬁes the Bianchi identities DF I J = 0. It is straight-
forward to prove that using Eqs. (60) in (59) we can recover (41)
and (43) [2,16].
Performing the Hamiltonian analysis of (59) we ﬁnd
S =
∫
d4x
[
Πa I J ω˙a
I J + DaΠa I Jω0 I J
+ RI J 0a
(
Πa I J − α
2
ηabc ∗ F I Jbc
)]
, (61)
where Πa I J = β2 ηabc ∗ RI Jbc , a,b = 1,2,3, η123 = 1 and DaΠa I J =
∂aΠ
a
I J + ωa I KΠaK J + ωa J KΠa I K . From (61) we can identify the
Hamiltonian for the theory as
H = −DaΠa I Jω0 I J − RI J 0a
(
Πa I J − α
2
ηabc ∗ F I Jbc
)
, (62)
and the 24 primary constraints are
ϕI J := DaΠa I J ≈ 0, (63)
ϕa I J := Πa I J − β
2
ηabc ∗ F I Jbc ≈ 0. (64)
Consistency requires their conservation in the time vanishes as
well. For this system there are no, secondary constraints. To com-
pute the algebra between the constraints it is convenient to rewrite
them as
ϕ1 := ϕI J [B] =
∫
dx3 B I J DaΠ
a
I J , (65)
ϕ2 := ϕa I J [G] =
∫
dx3 Ga
I J
[
Πa I J − β
2
ηabc ∗ F I Jbc
]
. (66)
In this manner the algebra is
{
ϕ1[B I J ],ϕ1[CK L]
}=
∫
d3x
(
B I
K CK J − B J K CK I
)
ϕ I J ≈ 0,
{
ϕ1[B I J ],ϕ2
[
Ga
I J ]}=
∫
d3x
(
B I K Ga
K J − B J K GaK I
)
ϕa I J ≈ 0,
{
ϕ2
[
Qb
I J ],ϕ2[GaK L]}= 0, (67)
which shows that the constraints are ﬁrst class. We can see that of
the last constraints only 18 are independent because of the Bianchi
identities DF I J = 0, this is Daφa I J = φI J . In this manner, we have
36 canonical variables (ωa I J ,Πa I J ) and 18 independent ﬁrst class
constraints. We can conclude that the Euler class is devoid of dy-
namical degrees of freedom and therefore deﬁnes a topological
ﬁeld theory.
From (61), we can identify the symplectic structure
{
ωa
I J (x),Πb K L(y)
}= 1
2
δba
(
δ IK δ
J
L − δ ILδ JK
)
δ(x− y). (68)
The classical–quantum correspondence is
[
ωˆa
I J (x), Πˆb K L(y)
]= i
2
δab
(
δ IK δ
J
L − δ ILδ JK
)
δ(x− y). (69)
This allow us to use the correspondence ΠaK L → i δδωa K L . Now, just
as in Section 3 for the second Chern invariant, we can see that atquantum level for the Euler class we cannot talk about an eigen-
state of zero energy for the Hamiltonian (62) because is a linear
combination of constraints. Thus, the action of the Hamiltonian
on physical states is annihilation. To procedure with the quanti-
zation using the Dirac program, we can see that our state space is
achieved by demanding that(
Da
δ
δωa I J
)
ψ(ω) = 0, (70)
(
i
δ
δωa I J
− β
2
ηabc ∗ F I Jbc
)
ψ(ω) = 0, (71)
where we ﬁnd the solution ψ(ω) deﬁned by
ψ(ω) = e±β I(ω), (72)
with
I(ω) =
∫
1
2
ω I J ∧ dωI J + 1
3
ω I K ∧ ωK L ∧ ωL I , (73)
being the Chern–Simons functional. Again, the constraint (70) im-
plies that ψ is unchanged under small gauge transformations
[2,12] and the expression (71) is solved exactly by means of ψ(ω)
given in (72) if the self-dual (or anti-self-dual) ∗F I J = ±iF I J con-
dition hold. In (72), the (+) or (−) signs correspond to for the self-
dual or anti-self-dual conditions, respectively. Therefore, in Dirac’s
method the Chern–Simons state corresponds to a quantum state
for the Euler class within self-dual (anti-self-dual) scenario but not
to an eigenstate of zero energy.
6. Conclusions and prospects
In this paper, the symplectic and the Hamiltonian methods for
the second Chern and Euler classes have been performed. As part
of the results found using the symplectic method, we could con-
struct a gauge and Lorentz invariant symplectic form for the the-
ories under study. This allowed us to ﬁnd, for example, that by
working with the temporal gauge the Chern–Simons state corre-
sponds to a zero energy eigenfunction for the quantum Hamilto-
nian of such theories. In particular, in this work we found that
the theories share the same equations of motion but not the same
quantum state. On the other hand, in contrast with the symplec-
tic method the Hamiltonian analysis of such topological classes,
which is absent in the literature, allowed us to ﬁnd the Hamilto-
nian and the correct constraints. With this information we could
carry out the counting of the physical degrees of freedom of both
theories, concluding that they deﬁne a topological ﬁeld theory. In
addition, within the Dirac quantization program we could identify
the quantum state for our theories, concluding that the Chern–
Simons state corresponds to a quantum state but not a zero energy
eigenfunction for the quantum Hamiltonian. The reason is because
we do not have a Schrödinger equation for theories with Hamilto-
nians being a linear combination of ﬁrst class constraints. Another
important point to remark is that in this Letter we corrected the
results reported in [14] where the analysis was incomplete.
To ﬁnish this paper, it is important to mention that the Chern–
Simons state (or Kodama state) presents problems as: It is non-
renormalizable and is not invariant under CPT transformations
[19], thus, we cannot argue that the Chern–Simons state corre-
sponds to the ground state for the theory. However, with the
results reported here we can perform the symplectic and Hamil-
tonian analysis for the theory reported in [10] which describes
general relativity, hoping to contribute in forthcoming works to un-
derstand and answer open questions as: Why such quantum state
exist? Is the Chern–Simons state normalizable using real variables
as in this work? – expecting to ﬁnd a closed quantum relation be-
tween general relativity and topological ﬁeld theories.
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